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Abstract
Large changes in pupil size occur frequently, yet the connective tissue components of the iris, consisting largely of
relatively-inextensible collagen, last for many years. The concept of a minimum-wear-and-tear meshwork is developed in the
context of the iris geometry, and an optimum form for such a meshwork is derived. A moderate improvement on the performance
is obtained by allowing the iris to stretch nonlinearly. Comparison of the optimum mesh and stretch behavior with available data
suggests that the iris may approximate a structure which minimizes wear and tear. © 2000 Elsevier Science Ltd. All rights
reserved.
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1. Introduction
The pupil acts as an aperture stop in the optical
system of the eye. During waking hours, pupil size
varies constantly in accord with illumination, near ef-
fort, and activity level in descending inputs to relevant
autonomic motor nuclei (Lowenstein & Loewenfeld,
1969). During this variation in size, pupil diameter may
range from a minimum of about 1.5 to a maximum of
over 7 mm. The iris is anchored to the globe at its
‘root’, which connects to the anterior end of the ciliary
body in the limbal region, with an outer diameter of
about 12 mm; thus, pupil diameters in the range 1.5–
7.0 or 7.5 mm occupy some 12–60% of total iris
diameter. In consequence, iris tissue may vary more
than 5 in circumferential extent (for tissue near the
pupil), and about 2 in radial extent. It may be seen,
therefore, that the structure of the iris undergoes fre-
quent and substantial deformation. Some of the poten-
tial compression of iris components may be handled by
folds in the iris (Lowenstein & Loewenfeld, 1969; Ho-
gan, Alvarado & Weddell, 1971); however, the folds are
much more apparent in the anterior limiting layer than
in posterior iris (van Alphen, 1963). A question re-
mains, then, as to how the mobility requirements of the
pupil are reconciled with the not-very-extensible colla-
gen fibers which comprise the strongest components of
iris structure.
Fig. 1 shows some basic aspects of the problem. Any
circular structural components (Fig. 1A) must increase
in length as pupil diameter increases, especially for
points near the pupil margin. In contrast, any radial
components (Fig. 1B) must decrease in length as pupil
diameter increases. Both circular and radial compo-
nents would undergo large changes in stretch (strain1)
as pupil size changes. In the case of non-radial compo-
nents which connect points on the pupil margin to
points on the root, the situation is less obvious; for
example, the semicircle in Fig. 1C, joining a point on
the root to a point 180° away on the margin becomes
longer as pupil diameter increases (if it remains a
semicircle connecting the same two points at root and
margin); however, other arcs that are nearer in form to
radial lines must behave oppositely (i.e. like radial
components).
In order to provide pupil mobility, one reasonable
arrangement would be to construct a collagenous
‘skeleton’ of the iris in the form of a series of fibrous
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Fig. 1. (A) A circular structural component in the iris would hinder pupil dilation. (B) A radial component would hinder pupil constriction. (C)
A semicircular structural component in the iris. (D) A meshwork of left- and right-handed arcs, as described by Rohen (1951). (E) Micrographs
of collagen meshwork in porcine and canine irides (from Rohen, 1951).
arcs joining iris root and pupil margin (Fig. 1D), such
that as pupil diameter varies, the length of each arc
remains constant. This is not very difficult to do; how-
ever, there are other constraints. First, iris structural
components must not rotate around the center of the
pupil as pupil diameter changes. This would rule out
such simple solutions as making the mesh out of radial
fibers for the smallest pupil diameter, then rotating all
the pupil-margin ends in one direction (say, clockwise)
as the pupil dilates. There are two reasons for rejecting
such an approach: first, the margin of the pupil does
not rotate significantly during pupil size changes. The
second reason, is that this is an over-simplified picture
of iris structure. In fact, a structure built of one set of
approximately ‘parallel’ arcs (more precisely, a single
arc replicated at a series of polar positions around the
pupil center) would be somewhat fragile; resilient struc-
tures usually incorporate at least two roughly orthogo-
nal sets of fibers (e.g. Rhodin, 1980). The only work on
the form of the collagenous structure of the iris is that
of Rohen (1951), who observed a collagenous mesh
consisting of a series of arcs of one ‘handedness’, as
above, in combination with a set of arcs of the opposite
handedness (i.e. orthogonal, loosely speaking), as
shown in Fig. 1E. Rohen noted that these sets of fibers
are interwoven with other iris components, particularly
blood vessels.
This description of the iris ‘skeleton’ as a double
mesh or lattice of collagen fibers places an additional
constraint on the structure: there must not be much
relative slip between collagen fibers at any given loca-
tion when the pupil size changes. Relative slip would
subject the mesh, and components woven through it, to
substantial stresses and:or frictional wear. (This also
implicitly makes another argument against any rota-
tion: since both left- and right-handed arcs are con-
nected to the vicinity of the pupil margin, rotation of
the pupillary ends of the fibers about the center of the
pupil would require the pupil margin to rotate simulta-
neously in opposite directions.) One approach to mini-
mizing slip would have each point on each fiber move
only in the radial direction as pupil diameter varies; this
would mean that points where fibers intersect would
move radially without the fibers slipping across each
other.
Given these constraints on iris structure, the problem
can be stated more quantitatively. As shown in Fig. 2A,
the course of one fiber from iris root to pupil margin is
described by RR(u, u0, p), where R is the radius as a
function of u, the polar angle coordinate; u0, the polar
angle traversed by a single fiber in going from the root
to the margin; and p, the radius of the pupil. Then the
length of one fiber is S, where
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If a mesh is to minimize stretch of its components, as
pupil diameter varies, in a scheme in which each point
on a fiber moves radially-only, then in each du, the
corresponding dS should vary as little as possible as
pupil diameter varies, or in other words (S:(u should
vary minimally in each du as pupil diameter varies. To
obtain a metric for variation in each section of a fiber’s
length, we assume that the pupil varies over an ensem-
ble of N radii, pi(i1, 2, ..., N). Then we can define a
variance-like measure X :
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where x¯ indicates that x is averaged over the ensemble
of pupil radii. The problem is then to find the function
R which minimizes X.
The X metric was well-behaved: as the number of
trials at optimizing for a given u0 increased, the metric
made a smooth approach to a final, asymptotic value
and reached a minimum for some u0. For these reasons,
the X metric was used exclusively, although the suitabil-
ity of other metrics was assessed (see Section 3).
2. Methods and results
2.1. An optimum logarithmic spiral
The iris was initially assumed to stretch ‘linearly’ —
if a point lies at a particular fraction of the distance
from root to pupil margin for a particular pupil diame-
ter, that point will lie at the same fraction of root-to-
margin distance for all pupil diameters. Available
evidence suggests that the iris does behave approxi-
mately in this fashion (Newsome and Loewenfeld, 1971;
Wyatt, unpublished observations). This assumption and
its relaxation are discussed further below.
If the curve describing the course of a fiber is defined
for some particular pupil diameter ppref, it may be
shown that, for p"pref, it will scale (under linear iris
deformation) according to:
R(u,u0,p)R(u,u0,pref)
 r0p
r0pref

r0
ppref
r0pref

(5)
Initially, a starting function was selected from a
series of simple functions. The function selected was the
simple logarithmic spiral
Rp
R0
p
(u:u0)
(6)
The equations were programmed on a PC using
ASYST. For each curve, the integrals over u were
evaluated numerically. The set of pupil radii used in the
optimization was 0.75, 1.00, 1.25, ..., 3.50.
Fig. 3 is a contour plot of X metric values in the
plane of parameters u0 and pref. A minimum is clearly
apparent. Perhaps surprisingly, the ‘reference curve’
which gave the minimum value of X was a curve for
pref18 — a radius greater than the root, r06. (In
other words, the optimum curves were obtained by
Fig. 2. (A) Nomenclature for describing an arc in the iris. (B)
Element, dS, of an arc extends across angular element du and radial
element dR (used in deriving Eq. (2)).
Fig. 3. A contour plot of X metric values for arcs consisting of log
spirals. The x-axis is u0 and the y-axis is reference pupil size pref. The
arcs are defined at pref and then deformed linearly as pupil size
changes to other values.
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Fig. 4. Optimization of a general arc consisting of a log spiral
(u0110°, pref12 mm) plus a 20 term polynomial. The minimum
value obtained for the X metric is plotted against u0. Each symbol
represents a separate run. Also plotted (dashed line) are the X metric
values obtained with the log spiral alone.
at a value slightly larger than the lowest reached — for
example, 0.111 instead of 0.106 for u0110°. However,
the effects of this on the general behavior of Fig. 4 were
negligible. For comparison, the X metric values for the
‘base curve’ are also shown — a log spiral with refer-
ence pupil diameter pref12 mm.
Fig. 5 shows the form of the optimum 110° arcs, for
pupil diameters of 1.5, 4.0 and 7.0 mm.
2.3. Nonlinear iris stretch
The final step in the optimization was to examine the
effect of relaxing the constraint of nonlinear iris stretch.
Fig. 6 illustrates what is meant by linear and nonlinear
stretch of a substance and some examples of nonlinear
stretch. The treatment of nonlinear stretch is handled in
detail in the Appendix; briefly, the deviation of stretch
from linear was described by a 6th order polynomial,
and the optimization included the effects of varying the
coefficients in that polynomial.
2.4. Results of optimization with nonlinear stretch
Fig. 7 shows the behavior of the X metric when
nonlinear stretch is permitted. For comparison, the
behavior for linear stretch from Fig. 4 is also shown. In
comparison with the case of linear stretch, a moderate
improvement occurred, and the curve had a broad
minimum over somewhat smaller values of u0 than for
the linear case. Also included in Fig. 7 (dashed and
dash-dot lines) are the curves of X metric behavior
when the optimum arc for linear stretch was stretched
with the optimum nonlinear stretch, and when the
optimum arc for nonlinear stretch was stretched lin-
early. This was carried out as a check on the signifi-
cance of the difference between the linear and nonlinear
cases, and it may be seen that there is a significant fall
from optimum behavior (increase in the X metric) for
these cases.
Fig. 8 compares the optimum arcs obtained for as-
sumptions of linear and nonlinear stretch, for a 4 mm
pupil size. The differences are fairly subtle, but they are
apparent.
Fig. 9 shows the nature of the optimum nonlinear
stretch in two ways. In Fig. 9A, a set of components is
taken to be equally radially spaced for a 2 mm pupil
radius (4 mm diameter). The solid lines show how these
points move, as the pupil changes size, for linear stretch
— they remain equally spaced. The dotted lines show
how the same set of points for 2 mm radius move
according to the optimum nonlinear stretch found for
100 deg arcs. Fig. 9B shows the same information in a
different way: the set of equally-spaced points is shown
for a 4 mm diameter pupil, and their positions for the
optimum nonlinear stretch are shown for pupil diame-
linearly scaling a reference curve which itself was not
physically possible.) The optimum log spiral also had
u060°.
2.2. A general optimum cur6e
After assessing the behavior of logarithmic spirals, a
‘good’ spiral was selected as a ‘base curve’ (for a given
u0), and departures in form were then permitted by
adding a 20-term polynomial in u :
R(u,u0,pref)R0(u,u0,pref) %
20
i1
ci
 u
u0
n
(7)
where R0 is the logarithmic spiral of Eq. (6). Optimiza-
tion was performed with a Monte Carlo technique; the
coefficients of the polynomial were repeatedly random-
ized, and X was evaluated as before. (As the process
progressed, the window for randomization was reduced.
Derivatives of R with respect to u in Eq. (4) were
evaluated by explicitly differentiating Eq. (7)). An addi-
tional constraint required that no points on an arc lie
outside the root at r0. As before, the arc of Eq. (7) was
deformed according to Eq. (5) for p"pref.
Fig. 4 shows the results of the optimization; as u0
increased, the value of the X metric for optimum arcs
approached an asymptote. The optimum mesh was
reached by 100–110°. For a given u0, the complete
function of the X metric apparently had some local
minima; the optimization occasionally became trapped
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Fig. 5. Form of the optimum arcs from the optimization of Fig. 4, for u0110°, and pupil diameter1.5, 4.0 and 7.0 mm.
ters of 1.5 and 7.0 mm. It may be seen that there is
relative compression near the pupil margin for the 1.5
mm pupil, and relative compression near the iris root
for the 7.0 mm pupil. These are, again, subtle devia-
tions from linear behavior (compare Fig. 9B with Fig.
6).
3. Discussion
It should be stressed that the present work does not
examine specifics of the cause of iris deformation (mus-
cle activity), nor of the basis for the linear or nonlinear
form of iris stretch (most likely to arise from variations
in elastic properties of the iris components). The focus
is on construction of a meshwork ‘skeleton’ and how it
can be made in such a way as to minimize wear and
tear. The present results indicate that it is possible to
construct such an iris skeleton from a fibrous mesh-
work of relatively inextensible fibers, which undergo
only very small stretch when the pupil varies in diame-
ter over physiologically-reasonable values.
3.1. Comparison of iris stretch and mesh characteristics
with a6ailable data
3.1.1. Iris stretch
There are some data available to compare with the
present results. Newsome and Loewenfeld (1971) made
some measurements of the behavior of surface features
of the irises of several human subjects, for different
pupil sizes achieved with light and:or pharmacologic
agents. Their data have been re-plotted in Fig. 10,
along with some measurements of a similar nature
made by the author. The x-axis is pupil radius and the
y-axis is distance from the pupil center to the feature.
For linear stretch, a feature will move along a straight
line passing through the top right corner — the point
(6,6). The thin straight lines pointing toward the (6,6)
point indicate linear stretch, while heavier curved lines
indicate the optimum nonlinear stretch for 100 deg arcs
(described in Section 2.4). Some of the data (e.g. near
the pupil margin in the lower part of the figure) appear
to be a better match to the lines indicating linear
behavior; other data (e.g. in more peripheral iris in the
upper part of the figure) appear to be a better match to
the lines indicating nonlinear behavior. Thus the de-
scriptions offered by linear stretch and nonlinear stretch
for optimal 100 deg arcs appear to bracket the behavior
of irises as judged from available data.
3.1.2. Mesh characteristics — lattice angles
One measure which can be used to characterize
meshes of the kind presented here is the angle between
fibers of opposite handedness. This angle, the ‘lattice
angle’ (‘Gitterwinkel’ of Rohen (1951)), is defined in the
inset of Fig. 11, and is a function of the radial position
of the intersection examined and of pupil size. The data
points plotted in Fig. 11A,B are measurements made by
Rohen (1951) of the lattice angles in the iris of the dog:
filled circles are values from measurements near the
pupil, and open circles are values from measurements
near the iris root. The line plots in Fig. 11A are lattice
angles between fibers of the optimum meshwork for
linear iris stretch (u0110°), as a function of pupil
diameter; the angles at the iris root and at the pupil
margin are shown by the top and bottom dashed lines,
respectively. There is moderate agreement between the
optimum mesh and Rohen’s data, especially if one plots
lattice angles at positions 0.5 and 0.75 mm towards the
Fig. 6. A diagram showing the nature of linear and nonlinear stretch.
In linear stretch, a point remains at a constant fractional position.
Nonlinear stretch deviates from this constancy (two examples are
shown).
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Fig. 7. Optimization of a general arc, as in Fig. 4, but allowing
nonlinear stretch of the iris. The minimum value of the X metric
(triangles) is plotted against u0. Also plotted are the results for linear
stretch (circles) from Fig. 4.
from Rohen, together with the lattice angles for the
non linear optimum meshwork (u0100°). It may be
seen that the fit is somewhat better for the nonlinear
meshwork.
The agreement between the optimum mesh and Ro-
hen’s data suggest that the form of the iris collagenous
‘skeleton’ may have evolved as a minimum-strain
meshwork.
3.2. Choice of metric for optimization
In the present optimization, points along a fiber were
assumed to move along iris radii, with the result that an
intersection of two fibers would move radially, without
sliding of fibers across each other at the intersection.
The metric that was minimized was related to local
stretch. One might reasonably ask what would happen
if the reverse approach were taken, i.e. if local stretch
were set to zero, and then fibers were allowed to slide
across each other as necessary. In that case, sliding
must be minimized in performing the optimization. The
following argument suggests that the two approaches
are equivalent: Consider a small segment, dS, along an
arc, extending across a particular angular element du.
Consider the case of a pupil size decrease; the two
points where dS meets the two radial lines bounding du
shift radially inwards along the radial lines. In general,
for a pupil size decrease, the length of the arc segment
contained in the angular element will decrease slightly.
(If the length does not decrease, the arc behavior is
‘perfect’ in this angular element.) The decrease in length
of the segment can be handled in one of two ways:
either the ends of the physical fiber segment remain on
the two bounding radial lines in which case the fiber
segment becomes shorter, or else the fiber segment
remains the same length, in which case one or both
ends of the fiber segment must now protrude outside
du, implying that sliding of one or both ends across the
radial lines has occurred. Since the same arguments
apply to a fiber with an arc of the opposite handedness,
the second alternative amounts to sliding of fibers
across one another at intersections. (In addition to the
two possibilities of stretch or slide, a hybrid result could
be proposed, in which some stretch and some slide
would occur, the two together accounting for the
change in length of the arc segment.) Basically, then,
length changes of angular elements of an arc must be
dealt with by local stretch or by local sliding (or a
combination), which means that an arc form which
minimizes stretch (using a metric based on stretch, with
the assumption of no sliding) will also minimize sliding
of fibers (using a metric based on sliding, with the
assumption of no stretch).
In the present work, the X metric was used for
minimizing stretch; however, during the course of the
work, other metrics were assessed for the same purpose.
Fig. 8. Comparison of optimum arcs for linear versus nonlinear
stretch. The linear arc is the u0110 deg arc from Fig. 4; the
nonlinear arc is the u0100 deg arc from Fig. 7.
pupil from the root (upper two solid lines) and at the
outer border of the sphincter muscle (lower solid line)2.
(Measuring the fibers at the root and margin is difficult
due to the anchoring structures near the former and the
presence of the sphincter muscle near the latter; thus,
this may represent a fair assessment of the location of
Rohen’s measurements.) Fig. 11B shows the same data
2 The position of the outer border of the sphincter was estimated as
follows: sections of monkey eyes in various states of meiosis and
mydriasis were kindly provided to the author by Gerald van Alphen.
These were measured to determine the position of the sphincter outer
border as a fraction of the iris diameter, as a function of pupil
diameter as a fraction of iris diameter. A linear regression through
the data (which had a small slope) was used to estimate the position
of the sphincter border in the model.
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A ‘V ’ metric consisted of the X metric divided by u0 —
i.e. V is equal to the average of X over the arc. With the
V metric, optimization led to continuing nominal im-
provement (smaller metric values) as u0 increased be-
yond 110°, in contrast to the behavior of the X metric
shown in Fig. 4. However, it turned out that the form
of these ‘optimum’ arcs for larger u0 was virtually
identical to the 110 deg arcs, except that extra, nearly-
circumferential fiber was added near the iris root. Since
there is little local movement near the root, (S:(u is
small there; thus, the added fiber reduces the average. A
third metric, ‘W ’, was similar to the V metric, except
that the integrand in Eq. (3) was divided by the vari-
ance of R at each position along the arc. The idea of
this was to balance the effect of fiber segments lying
close to the root. Although this appeared to improve on
the V metric in some respects, the values of terms near
the iris root then became ratios of very small numbers,
and the behavior of the W metric became erratic.
3.3. Other considerations
To construct an actual iris (opaque to light except at
the aperture) along the lines of the scheme described
here, a layer of material would need to be connected to
the fiber skeleton. The material would need to be highly
compliant, and:or be free to fold when compressed
relative to its rest state. In the iris, the posterior epithe-
Fig. 9. Nature of the optimum nonlinear stretch for u0100°. (A) A set of components is defined for 4 mm pupil diameter, and then deformed
linearly (solid lines) or nonlinearly (dotted lines). (B) The equally-spaced points are shown for the 4 mm pupil case, and the same set of points
is shown for a small and a large pupil diameter.
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Fig. 10. Data on the nature of iris stretch from Newsome and Loewenfeld (1971) and unpublished results of the author. The figure tracks the
radial position of a number of features in individual irises as pupil size varies. Linear regressions for various features are shown as dashed lines;
ave collarette data (Newsome and Loewenfeld) are shown as dash-dot line. The x-axis is pupil size; the y-axis is the distance from the pupil center
to the feature. Thin straight lines passing through the point (6,6) show behavior of features for linear stretch. Heavy curved lines show behavior
of features for the optimum nonlinear stretch from Fig. 7.
Fig. 11. The ‘lattice angles’ for optimum arcs, compared with data from Rohen (1951) for dog iris. The inset shows how lattice angle is defined
— the angle between a right-handed and a left-handed arc. The angle is a function of radial position in the iris and of pupil size. Left: results
for linear stretch; right: results for nonlinear stretch. (The same data from Rohen is shown in both graphs.) The lattice angles from optimization
results are shown (in succession) at: the iris root (top dashed line in each graph), 0.5 and 0.75 mm towards the pupil from the root (solid lines),
at the outer border of the sphincter muscle (dashed line), and at the pupil margin (bottom dashed line).
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lial layers and the anterior limiting layer may be thought
of as such layers of material, and the various folds of the
iris in different pupil states might represent compression
of the layers. However, in regard to the circular contrac-
tion folds (easily visible from the front with a slit lamp),
van Alphen (1963) pointed out that anterior iris folds
much more than posterior iris. The posterior cellular
layers undergo remarkable stretching and compression,
rather than large-scale folding (van Alphen, 1963; Mu-
rata, Kaidoh & Inoue, 1998). Along with these deforma-
tions, the posterior layers show small radial folds near
the pupil and fine circumferential wrinkles or ridges (van
Alphen, 1963; Fine & Yanoff, 1979). It seems likely that
the meshwork located in the posterior stroma, described
by Rohen and modeled here, may account for the
posterior layers being more resistant to large-scale fold-
ing than the anterior layers.
As a final note, it seems possible that there might be
applications, e.g. in the biomedical area, for variable
apertures constructed from a single layer, rather than
from the series of relatively rigid plates comprising the
usual iris diaphragm or valve.
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Appendix A. Computation of metric for nonlinear iris
stretch
A.1. Representation of nonlinear stretch
The approach used here was to treat the nonlinearity
in terms of radial position in the iris:
RRlinearDR(p,r) (8)
where Rlinear is a linearly deformed solution as in Eq. (5).
DR is the additive displacement of points relative to the
position they would have in the case of linear stretch, and
DR is a function only of pupil radius and radial position
in the iris. This treatment proved to be easiest using
fractional (radial) position as the variable, instead of
absolute radial position as in Eq. (8). Fractional position
is defined by:
f
r0r
r0p
(9)
Fractional position is 0 at the iris root and 1 at the pupil
margin, and in the case of linear stretch the fractional
position of any point remains constant as pupil size
changes. For example, for the case of some particular f1:
f1
r0r1
r0p
, r1r0 f1(r0p) (10)
Given a fixed f1, Eq. (10) describes the variation in radial
position, r1, of the point having f f1, as pupil radius p
varies. Using Eq. (9), the general arc form may also be
cast as fractional position instead of radial position:
F(u,u0,p)
r0R(u,u0,p)
r0p
(11)
from which, using Eq. (8):
Flinear(u,u0,p)
r0Rlinear(u,u0,p)
r0p
,
(Flinear(u,u0,p)
(u

1
r0p
(Rlinear(u,u0,p)
(u
(12)
The particular form used for the additive deviation from
linear behavior, as defined in Eq. (8), was described with
a 6th order polynomial:
DR(p,r)DR(p, f)
 (ppref) (r0p) %
6
j1
bj
( j1)
(1 f j1)
(13)
where f is a particular fractional radial position in the iris
for the case of linear behavior. The first term on the right
side of Eq. (13) makes this form of DR scale linearly with
deviation of pupil size p from reference pref. The zero in
this term for the case of ppref relates to the fact that
the radial arrangement of iris components for the refer-
ence pupil diameter pref is taken as the reference arrange-
ment; nonlinear stretch behavior then describes the way
in which the reference arrangement varies, as p takes on
other values, compared to the way in which the arrange-
ment varies in an iris undergoing linear stretch. The
second term is total radial iris ‘length’ from root to
margin. The choice of a 6th order polynomial form for
the deviation was somewhat arbitrary; it was felt to
provide enough flexibility, since deviations would pre-
sumably be fairly smooth functions of radial position.
(This expectation was, in fact, borne out by the optimal
form.) Each term of the series in f in Eq. (13) has zero
value when f1 (at the pupil margin); in addition, the
coefficients bj were chosen so that the deviation was zero
at the iris root, i.e. so that DR (p, f0)0. Thus, the
nonlinear curve in Eq. (13) was forced to match the linear
curve at iris root and pupil margin, and was allowed to
deviate from it at intermediate positions. During opti-
mization, the coefficients bj of Eq. (13) were allowed to
vary (varying the form of iris stretch) at the same time
as the coefficients ci of Eq. (7) were allowed to vary
(varying the form of the arc form at the reference pupil
size pref). As before, u0 was fixed for each run. The pref
used in the computation was 2 mm, corresponding to a
4 mm diameter pupil.
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A.2. E6aluating the X metric gi6en a set of coefficients
Using Eqs. (12) and (13), we can write an approxi-
mate equation for the deviation from linear position in
terms of theta along an arc:
DR(p,u): (ppref) (r0p)
 %
6
j1
bj
( j1)
(1Flinear(u,u0,p) j1) (14)
where the approximation consists of using Flinear instead
of F.
Differentiating Eq. (14):
(DR
(u
:u

 (ppref) (r0p) %
6
j1
bj F linearj
 (Flinear
(u
(15)
and substituting from Eq. (12):
(DR
(u
: (ppref) %
j
bj
r0Rlinear(u,u0,p)
r0p
 j (Rlinear
(u
(16)
Differentiating Eq. (8) and combining it with Eq. (16):
(R
(u
:

1 (ppref)%
j
bj
r0Rlinear(u,u0,p)
r0p
 jn (Rlinear
(u
(17)
In evaluating the X metric, the derivatives in Eq. (4)
were determined using Eq. (17) together with Eq. (5)
applied to the Rlinear of Eq. (7) for p"pref.
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